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Asymptotial behavior of subspaes under ation of
asymptotially finite-dimensional semigroups of operators
Konstantin Storozhuk
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Abstrat: We study a semigroup ϕ of linear operators ating on a Banah spae X whih
satisfies the ondition codimX0 < ∞, where X0 = {x ∈ X | ϕt(x) −→
t→∞
0}. We show that
X0 is losed under these onditions. We establish some properties onerning the asymptoti
behavior of subspaes whih omplement X0 in X.
0. Preliminary Definitions and Statements of the Results
Let X be a Banah spae and let {ϕt : X → X | t ≥ 0} be a semigroup of linear operators;
i.e., ϕt ◦ ϕq = ϕt+q. Throughout the artile we suppose that the semigroup ats ontinuously
for 0 < t < ∞; i.e., for eah vetor v ∈ X the funtion t 7→ ϕt(v) is ontinuous for t > 0.
A semigroup is bounded if all operators ϕt are bounded in the norm by some onstant C <∞.
For every vetor v ∈ X we write vt = ϕt(v) and use the same shorthand notation for
arbitrary subsets in X .
Put X0 = {x ∈ X | xt −→
t→∞
0}. The spae X0 is ϕt-invariant; i.e., ϕt(X0) ⊂ X0.
We say that a semigroup is asymptotially finite-dimensional if codimX0 = n <∞.
Although the spae X0 onsists of vetors tending to zero in the limit, the restrition of
the semigroup to X0 may fail to be a bounded semigroup (and the spae X0 may fail to be
a losed subspae in X), see Example 1. However, for asymptotially ountably-dimensional
semigroup, X0 is losed and the restrition ϕt|X0 is a bounded semigroup even if ϕt is not
bounded on the whole X (Theorem 1). For X0 to be losed, it is also suffiient that X has
a losed subspae Y whih omplements X0.
Suppose that Y is suh a subspae. It follows from the Banah priniple that the norm in
X = X0 ⊕ Y is equivalent to the norm given by the formula ‖(x0 + y)‖ := |x0|+ |y|.
Sine ϕt(X0) ⊂ X0, the deomposition of the operators ϕt : X → X has the form
ϕt =
(
αt bt
0 Qt
)
: X0 × Y → X0 × Y. (1)
Existene of a ϕt-invariant subspae Y is obviously equivalent to existene of a diagonal rep-
resentation (1).
The angle (span) between two subspaes A and B ⊂ X is the value
∠(A,B) = min{ sup
a∈A,|a|=1
{ρ(a, B)}, sup
b∈B,|b|=1
{ρ(b, A)}}.
The angle plays the role of a metri on the set of n-dimensional subspaes of the spae X .
In Theorem 2 we prove that if ϕt is an asymptotially finite-dimensional bounded semi-
group then every n-dimensional subspae Y ⊂ X whih omplements X0 in X is almost stabi-
lizable; i.e., the position of the spae Y in the spae X varies under the ation of the semigroup
suessively slower:
∀t sup
q<t
∠(YT , YT+q)→ 0 as T →∞.
Moreover, the spae Y is not neessarily stabilizable; i.e., there may be no limit position Y∞.
If suh Y∞ exists then it is obviously ϕt-invariant. Also, we show (Remark 3) that the motion
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of an almost stabilizable but not stabilizable spae Y in the spae X under the ation of
a semigroup annot slow down too fast; and the estimate from below for the hange rate of the
angle is the following:
∞∑
k=1
∠(Yk+1, Yk) =∞.
In Theorem 3 we prove that in the ase when the semigroup is weakly almost periodi,
i.e., the losures of the orbits of vetors are ompat in the weak topology of X (for example,
in the ase of a bounded semigroup on a reflexive X) the spae Y is stabilizable.
Using the riterion for invariane of a finite-dimensional spae as a proper spae of the
generator of a semigroup (Lemma 6), we onstrut Example 4 whih demonstrates that
boundedness of a semigroup in Theorem 2 is essential even in the ase codimX0 = 2.
In the last setion we prove Theorem 2
′
whih generalizes Theorem 2 to the ase of
an asymptotially finite-dimensional semigroup with ‖ϕt‖ = o(t)|t→∞ (these are exatly those
semigroups for whih the summand Qt in representation (1) is bounded). This theorem
immediately implies that if codimX0 = 1 (this ase often emerges in appliations) then bound-
edness of a semigroup in Theorem 2 is unessential.
Observe that analogs of Theorems 2 and 3 for C0-semigroups of operators are given in
artile [1℄, where they were proven by methods of nonstandard analysis.
The author is grateful to
 
E. Yu. Emel
′
yanov for useful disussions.
1. Asymptotially Finite-Dimensional Semigroups
Lemma 1. Let ϕt be a bounded semigroup, ‖ϕt‖ ≤ C. Suppose that v ∈ X and
m(v) = inf
t<∞
ρ{vt, X0} = 0 (i.e., among the vetors ϕt(v), there exist vetors arbitrarily lose to
the spae X0). Then v ∈ X0. In partiular, X0 is losed in X .
Proof. Assume that ε > 0. If m(v) = 0 then |vq − x| < ε for some q ≥ 0 and x ∈ X0. Then
|vq+t − xt| < Cε for all t < ∞. At the same time, |vq+t| − |vq+t − xt| ≤ |xt| −→
t→∞
0. Therefore,
lim sup
t→∞
{|vt|} ≤ Cε. The number ε is arbitrary; therefore, lim sup
t→∞
{|vt|} = 0 and v ∈ X0. 
If codimX0 <∞ then the lemma is also valid an unbounded semigroup ϕt. In [2℄ this was
proven for the semigroup of powers of an operator in a omplex spae. In the same artile, there
is a ounterexample to the onlusion of Lemma 1 in the ase when the spae X0 has infinite
odimension and the semigroup is unbounded.
We give an example of a semigroup with a nonlosed X0.
Example 1 (V. V. Ivanov). The spae X0 of the unbounded disrete semigroup
{T n : l2 → l2 | n ∈ N}, where T (x1, x2, x3, . . . ) = (2x2, 2x3, 2x4 . . . ) ontains all finite se-
quenes and therefore is dense in l2. However, the reader an easily note that X0 6= l2.
Theorem 1. Suppose that ϕt : X → X is an asymptotially ountable-dimension semi-
group. Then the subspae X0 is losed and codimX0 < ∞. If ϕt is a C0-semigroup (i.e., for
eah v ∈ X the funtion t 7→ vt is ontinuous at zero) then ϕt|X0 : X0 → X0 is a bounded
semigroup.
Proof. Suppose that ϕt is a C0-semigroup.
It is well known [3℄ that the passage to subspaes of ountable odimension preserves the
property of being barrelled. Thus, the uniform boundedness priniple holds for X0. For every
point v ∈ X0 the set {vt | t ≥ 0} is bounded; therefore, there is a number C < ∞ suh
that ‖ϕt|X0‖ ≤ C for eah t > 0. The operators ϕt on Cl(X0) are bounded by the same
onstant. Lemma 1 applied to the restrition of the semigroup to the spae Cl(X0) implies that
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X0 = Cl(X0). Aording to Baire ategory theorem the omplete quotient-spae X/X0 annot
be ountable-dimensional; it is only finite-dimensional.
If {ϕt} is not a C0-semigroup then, instead of the set {vt | t ≥ 0}, we an onsider the
set {vt | t ≥ t0} for some t0 > 0. It follows from the uniform boundedness priniple that all
operators ϕt, t ≥ t0, are uniformly bounded on X0. From the arguments similar to those in the
proof of Lemma 1 we onlude that the spae X0 is losed in this ase as well. The theorem is
proven.
Remark 1. For C0-semigroups the spae X0 is a Banah range, beause it is omplete with
respet to the norm ‖x‖ := sup{|xt| | t ≥ 0} ≥ |x|. Thereby the omplementation priniple
enables us to prove losure of X0, using the assumption codimX0 <∞. In general, the presene
of a losed (algebrai) omplement to X0 in X implies losure of X0.
It follows from Theorem 1 that the norm of the spae in representations of the form
X = X0⊕Y is equivalent to the norm of the diret produt. Therefore, Lemma 1 and Remark 1
yield
Corollary. Suppose that an asymptotially finite-dimensional semigroup is represented by
expression (1) and y ∈ Y . If lim inf
t→∞
Qt(y) = 0 then y = 0. If the semigroup ϕt is bounded then
the semigroup Qt : Y → Y is bounded as well (the onverse is false, see the last setion of the
artile).
Lemma 2. Let ϕt be a bounded semigroup, ‖ϕt‖ ≤ C. Let v ∈ X. The funtion
v 7→ m(v) : X → R defined in Lemma 1 is ontinuous.
Proof. Suppose that x and y ∈ X . For eah δ > 0, there is t suh that |yt| ≤ m(y)+ δ. Then
m(x) ≤ |xt| = |yt + (x− y)t| ≤ |yt|+ C|x− y| ≤ m(y) + δ + C|x− y|.
The number δ is hosen arbitrarily; therefore, m(x) ≤ m(y) +C|x− y|. Interhanging x and y
in the above arguments, we obtain |m(x)−m(y)| ≤ C|x− y|. 
Remark 2. The boundedness ondition for a semigroup in Lemma 2 is essential. We give
one example: X = R2, ϕt(y, z) = (y+ tz, z). Then X0 = 0. The funtion m : R
2 → R2 is stritly
positive outside zero but disontinuous at (1, 0) ∈ R2, sine m(1, 0) = 1 and m(1,−ε) = ε.
This observation enables us to onstrut a ounterexample to Theorem 2 for an unbounded
semigroup (Example 4).
The following onvention enables us to avoid writing down redundant onstants in
inequalities. We say that a value F has order of a value H if there is a onstant k ∈ R
suh that F ≤ k ·H under the desribed onditions.
Lemma 3. Suppose that ϕt is an asymptotially finite-dimensional bounded semigroup,
Y ⊂ X is an n-dimensional subspae suh that X0 ⊕ Y = X, and e
1, . . . , en is a basis for the
spae Y . There is k > 0 suh that |yt| ≥ k(|β1| + · · · + |βn|) for eah t ≥ 0 and every vetor
yt = β1e
1
t + · · ·+ βne
n
t .
Proof. We have
|yt|
|β1|+ · · ·+ |βn|
=
|yt|
|y|
·
|y|
|β1|+ · · ·+ |βn|
.
Boundedness from below of the first fator follows from Lemma 2 and the fat that the spae Y
is finite-dimensional; boundedness from below of the seond fator is obvious. 
Aording to this lemma, the oeffiients βi in the deomposition yt = β1e
1
t + · · · + βne
n
t
annot be too large if |yt| ≤ 1.
Corollary. Let Z be an n-dimensional subspae in X . The angle ∠(Yt, Z) has order of the
maximal distane from the vetor eit to Z, i = 1, . . . , n.
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Theorem 2. Suppose that ϕt is an asymptotially finite-dimensional bounded semigroup
on the spae X and Y ⊂ X is an n-dimensional subspae suh that X0 ⊕ Y = X . Then Y is
almost stabilizable; i.e., sup
s<t
∠(YT , YT+s)→ 0 for eah t <∞ as T →∞.
Proof. Represent the ation of the semigroup ϕ : X0 × Y → X0 × Y by means of (1). Note
that Qt : Y → Y is a semigroup.
Let e1, . . . , en be a basis for the spae Y ⊂ X . In this basis, the mappings Qs : Y → Y are
given by the matrix (qij)s whose olumns are onstituted by the oordinates of the projetions
of the vetors eis to the spae Y parallel to the spae X0: e
1
s
.
.
.
ens
 =
 q11 · · · q1n· · · · · · · · ·
qn1 · · · qnn

s
 e
1
.
.
.
en
+
 x
1(s)
.
.
.
xn(s)
 , xi(s) = bs(ei) ∈ X0. (2)
Applying the operator ϕT to expression (2) we obtain e
1
T+s
.
.
.
enT+s
 =
 q11 · · · q1n· · · · · · · · ·
qn1 · · · qnn

s
 e
1
T
.
.
.
enT
+
 x
1(s)T
.
.
.
xn(s)T
 (3)
for eah s ∈ [0, t].
The vetors of the first summand on the right-hand side of (3) lie in the spae YT . By the
orollary to Lemma 3, the angle ∠(YT+s, YT ) has order f(s, T ) := max{|x
1(s)T |, . . . , |x
n(s)T |}.
However, all xi(s) lie in X0; therefore, f(s, T ) −→
T→∞
0.
Suppose that ϕ is a C0-semigroup; i.e., the funtions of the form t 7→ vt are ontinuous at
zero as well. Then the set {xi(s) | s ∈ [0, t]} ⊂ X0 is ompat, being the ontinuous image
of the interval [0, t]. By the uniform boundedness priniple, sup{f(s, T ) | s ∈ [0, t]} −→
T→∞
0.
Theorem 2 is proven for C0-semigroups.
If ϕt is not a C0-semigroup then the funtion x
i(s) may have disontinuity at zero; therefore,
the set {x(s) | s ∈ [0, t]} may fail to be ompat. In this ase we use a somewhat artifiial
method: as the initial spae Y we onsider the spae Y already translated by the ation of the
semigroup ϕt; i.e., the spae Yp, p > 0. Then for eah e
i ∈ Yp the funtion t 7→ e
i
t is ontinuous
at zero as well, sine there exist vetors ui ∈ Y suh that ei = uip and onsequently e
i
t = u
i
p+t.
Therefore, the funtions xi(s) = bs(e
i) = bp+s(u
i) are ontinuous for s ≥ 0 rather than only for
s > 0. Theorem 2 is proven ompletely.
Remark 3. If the stabilization rate of the spae Y is suffiiently high then the spae
is stabilizable, i.e., tends to some limit stable position Y∞. Indeed, the spae G(X, n) of n-
dimensional subspaes of the Banah spae X with the angular metri is omplete. Therefore,
if, for example, Yk ∈ G(X, n) is a Cauhy sequene then it has a limit Y∞ ∈ G(X, n). It follows
from Theorem 2 that the osillation of the funtion Yt : t→ G(X, n) on the interval [k, k + 1]
is small at large k. Thereby Y∞ = lim
t→∞
Yt.
In partiular, if Y is not stabilizable then the series
∞∑
k=1
∠(Yk+1, Yk) diverges. At the same
time, it may happen that Y is stabilizable, but the series diverges. This follows from the fat
that the Cauhy ondition is weaker than the ondition of absolute onvergene of a series. We
illustrate the last two onlusions.
Example 2. LetX = C[0, 1] and (ϕtf)(x) = x
tf(x) [1℄. HereX0 = {f ∈ C[0, 1] | f(1) = 0}
and codimX0 = 1. There are no invariant omplementing spaes. Hene, for every funtion
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f ∈ X , if f(1) 6= 0 then the series
∑
‖fk+1 − fk‖ diverges. We present omputations for the
funtion f(x) ≡ 1:
‖fk+1 − fk‖X = sup
x∈[0,1]
|xk+1 − xk| =
1
k + 1
(
k
k + 1
)k
→
k→∞
∼
1
ek
,
∑
‖fk+1 − fk‖ =∞.
Example 3. Let X be the subspae of C[0,∞) onstituted by the funtions having a limit
at infinity and let (ϕtf)(x) = f(x + t). Then X0 is a spae of funtions tending to zero. The
spae of onstant funtions is invariant. Let f(x) = 1+ sinpix
x
. The sequene fk(x) onverges to
unity uniformly; therefore, the spae Y spanned by the vetor f ∈ X is stabilizable. However,
‖fk+1 − fk‖ ∼
2
k
and the orresponding series diverges.
2. Analysis of the Evolution of Vetors in the Weak Topology
We now disuss some fats onerning the behavior of vetors under the ation of a semi-
group in the weak topology of the spae X .
Denote by the symbol Clσ the operator of taking the weak losure. Given a number
0 ≤ r < ∞ and a vetor e ∈ X , we put Er = {et | t ≥ r}. In partiular, E0 is the orbit
of the vetor e under the ation of the semigroup ϕt.
Lemma 4. Let ϕt be an asymptotially finite-dimensional bounded semigroup and let
e /∈ X0. Then Clσ(E0) ∩X0 = ∅.
Proof. Suppose that X = X0⊕Y , e ∈ Y , and e 6= 0. The ontinuous projetion operator P :
X = X0 × Y → Y is also ontinuous in the weak topology. At the same time, the weak and
strong topologies oinide on a finite-dimensional Y . Using Lemma 1, we easily see that the
projetion of the orbit E0 of the vetor e to Y is separated from zero; therefore, E0 ⊂ P
−1P (E0)
is separated from X0 even in the weak topology. 
Lemma 5. Let e ∈ X . The set E∞ =
⋂
r<∞
Clσ(Er) (perhaps, empty) is ϕt-invariant; i.e.,
E∞+t = E∞ for eah t.
Proof. The ondition z ∈ E∞ means that
∀ε > 0 ∀f1, . . . , fk ∈ X
′ ∀r <∞ ∃T > r : |fi(z − eT )| < ε. (4)
Given a funtional f ∈ X ′, we define the funtional f t ∈ X ′ by the ondition
f t(x) := f(xt). Then, applying ondition (4) to the funtionals f
t
1, . . . , f
t
k ∈ X
′
, we find that
there is an arbitrarily large number T suh that
∣∣f ti (z−eT )∣∣ < ε for eah i = 1, . . . , k. However,
f ti (z − eT ) = fi(zt − eT+t). Thus, the vetor zt satisfies ondition (4) and zt ∈ E∞. 
Theorem 3. Suppose that ϕt is an asymptotially finite-dimensional bounded semi-
group suh that the orbit E0 of every vetor e ∈ Y is weakly preompat. Then the spae
Y is stabilizable; i.e., there is a ϕt-invariant subspae Y∞ suh that X = X0 ⊕ Y∞ and
∠(YT , Y∞) −→
T→∞
0. In partiular, if X is reflexive then Y is stabilizable.
The idea of the proof (the one-dimensional ase): we an approximate a vetor z in the
nonempty set E∞ =
⋂
r<∞
Clσ(Er) by onvex ombinations of vetors of the form etj with
arbitrarily large tj . It follows from Theorem 2 that suh ombinations vary arbitrarily slow.
Hene, the vetor z does not vary at all. The multidimensional ase is more ompliated only in
the tehnial respet: we have to take are of the motion of the spae Y with respet to itself.
Proof. Consider the maximal set of vetors e1 = e, e2 = ϕp2e
1, . . . , es = ϕpse
1
, s ≤ n, whose
projetions to the spae Y are linearly independent. It is easy to see that these projetions
onstitute a basis for some s-dimensional subspae Y s ⊂ Y invariant under the ation of the
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semigroup Qt : Y → Y . We assume that s = n. (In the general ase the spae Y is representable
as the diret sum of subspaes of the form Y s and we apply the proedure desribed below to
eah of them.)
The set Clσ(E0) is ompat in the weak topology. Hene, the intersetion E∞ of the family
of nested sets
⋂
r<∞
Clσ(Er) is nonempty. Let z
1 ∈ E∞. By Lemma 4, z
1 /∈ X0.
By Mazur's theorem, the weak losure of the set lies in the losure of its onvex hull. Thus,
it follows from the ondition z1 ∈ Clσ(ET ) ∀T <∞ that, whatever ε > 0 might be, for every
T < ∞, there exist numbers α1, . . . , αm ≥ 0,
∑
αk = 1 and vetors e
1
t1
, . . . , e1tm , tj > T , suh
that
z1 −
m∑
k=1
αke
1
tk
= ε˜1, |ε˜1| < ε.
Applying the operator ϕpi to the last expression and denoting z
i = z1pi, i = 1 . . . , n (reall
that ei = e1pi, i = 1, . . . , n), we obtain
zi −
m∑
k=1
αke
i
tk
= ε˜i, |ε˜i| ≤ Cε. (5)
By (3),
eitk+t =
n∑
j=1
qije
j
tk
+ xitk ,
where x1, . . . , xn ∈ X0. Therefore,
m∑
k=1
αke
i
tk+t
=
m∑
k=1
αk
(
n∑
j=1
qije
j
tk
+ xitk
)
=
n∑
j=1
qij
m∑
k=1
αke
j
tk
+
m∑
k=1
αkx
i
tk
=
n∑
j=1
qij(z
j − ε˜j) +
m∑
k=1
αkx
i
tk
=
n∑
j=1
qijz
j −
n∑
j=1
qij ε˜
j +
m∑
k=1
αkx
i
tk
.
(6)
Note that ∣∣∣∣∣
m∑
k=1
αkx
i
tk
∣∣∣∣∣ ≤ maxk=1,...,m∣∣xitk ∣∣.
It follows from (5) and (6) that∣∣∣∣∣zit −
n∑
j=1
qijz
j
∣∣∣∣∣ <
∣∣∣∣∣
n∑
j=1
qij ε˜
j
∣∣∣∣∣ + |ε˜i|+ maxk=1,...,m∣∣xitk ∣∣. (7)
Sine tk > T , hoosing T suffiiently large, we an make the whole right-hand side of
inequality (7) be of order ε. However, the left-hand side of (7) is independent of ε; therefore,
zit =
n∑
j=1
qijz
j .
Consequently, for eah t > 0, the vetor zit lies in the linear span of the vetors z
1, . . . , zn;
hene, the spae Y∞ spanned by the vetors z
1, . . . , zn is invariant. The rest is obvious. The
theorem is proven.
It follows from Lemma 5 that Y∞ is the linear span of the set E∞.
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3. An Infinitesimal Criterion for Invariane and Nonstabilizability
In this setion we present an infinitesimal riterion for invariane of finite-dimensional
subspaes and, using its, onstrut an asymptotially two-dimensional semigroup (Example 4)
having stable and nonstabilizable subspaes whih omplement X0 in X .
For eah semigroup ϕt : X → X denote by ϕ : X → X the infinitesimal generator of ϕt;
i.e., v ∈ domϕ if the limit
ϕ(v) = lim
t→0
ϕt(v)− v
t
exists. All properties of ϕ used below in the proofs an be found, for example, in [4℄.
Lemma 6 (a riterion for invariane). Let ϕt be a semigroup. All finite-dimensional
ϕt-invariant subspaes of X are proper finite-dimensional subspaes of the generator ϕ lying
in domϕ.
Proof. Suppose that Y ⊂ domϕ and ϕ(Y ) ⊂ Y . For eah y ∈ Y we have yt =
∞∑
n=0
tnϕn(y)
n!
∈
Y . Therefore, Yt ⊂ Y . Conversely, suppose that dimY < ∞ and Yt ⊂ Y for eah t < ∞.
The restritions ψt = ϕt|Y : Y → Y onstitute a semigroup ating on Y . The spae Y is
finite-dimensional; therefore, ψt = e
tψ
and the infinitesimal operator ψ : Y → Y is defined
everywhere. But ψ is a restrition of the operator ϕ. 
Let αt be a semigroup on the spae X . If Qt : B → B is some semigroup with a generator Q
and P : B → X is a ontinuous operator then the operator ϕ =
(
α P
0 Q
)
generates the
semigroup ϕt : X × B → X × B given by the formulas
ϕt
(
x
b
)
=
 αt t∫
0
αsPQt−sd s
0 Qt
( x
b
)
. (8)
Suppose that B = R2 and Qt : R
2 → R2 is defined as in Remark 2:
Qt
(
y
z
)
=
(
1 t
0 1
)(
y
z
)
=
(
y + tz
z
)
. (9)
Take g ∈ X . Define the mapping P : B → X by the formula
P (y, z) = y · g. (10)
Define the semigroup ϕt : X × B → X × B by (8). The orresponding generators are as
follows:
Q =
(
0 1
0 0
)
, ϕ
 fy
z
 =
 α(f) + ygz
0
 . (11)
Every spae Y whih omplements X in X×R2 is the linear span of the vetors (k, 1, 0) and
(l, 0, 1) for some k, l ∈ X . Find out what are onditions on k and l, for Y to be ϕt-invariant.
Lemma 7. Suppose that αt : X → X is a semigroup, g ∈ X , and Qt and P (y, z) are
defined by (9) and (10). Let ϕt : X×R
2 → X×R2 be the semigroup defined by (8). The vetors
u = (k, 1, 0) and v = (l, 0, 1) generate a ϕt-invariant subspae Y if and only if k, l ∈ domα,
g = −α(k), and k = α(l).
Proof. Suppose that u, v is a basis for a ϕt-invariant spae Y . It follows from Lem-
ma 6 and (11) that k, l ∈ domα and ϕ(u) = (α(k) + g, 0, 0) = 0; i.e., α(k) + g = 0. Now,
ϕ(v) = (α(l), 1, 0) = v; i.e., α(l) = k. 
7
Example 4. The semigroup of translations on X = C0(R+) is asymptotially zero-
dimensional:
X = X0 = C0(R+) = {f ∈ C(R+) | f(x)→ 0}, (αtf)(x) = f(x+ t), α(f) = f
′.
Suppose that g(x) ∈ X and the operators Qt and P are the same as in (9) and (10). Formula (8)
defines an asymptotially two-dimensional semigroup ϕt : X × R
2 → X × R2:
ϕt
 f(x)y
z
 =
 f(x+ t) +
t∫
0
g(x+ s)(y + (t− s)z) ds
y + tz
z
 . (12)
It follows from Lemma 7 and the equality α(f) = f ′ that the semigroup ϕt possesses
an invariant spae whih omplements X if and only if the funtion g(x) has the first and
seond antiderivatives with the zero limit.
As g(x) onsider the funtion sin(x)
x
. Then the funtions k(x) = − Si(x) + pi
2
and l(x) =
x(pi
2
− Si(x))− cosx satisfy the onditions of Lemma 7. Examining the asymptoti behavior of
the integral sine funtion, we see that k(x) and l(x) vanish, i.e., lie inX . Thus, the orresponding
semigroup has a two-dimensional invariant subspae whih omplements X in X × R2. Show
that the subspae Y = 0× R2 ⊂ X × R2 is nonstabilizable.
Assertion. Let g(x) = sin(x)
x
. The spae Y = (0×R2) ⊂ X ×R2 is not almost stabilizable
under the ation of semigroup (12).
Proof. Given a vetor u ∈ Yt, denote by R(u) the vetor joining u with the projetion of u
to the spae Yt+1 parallel to X . The key argument of Theorem 2 uses the fat that R(u) −→
t→∞
0
for every u ∈ Yt; moreover, onvergene the is uniform; i.e.,
max
{
|R(u)|
|u|
| 0 6= u ∈ Yt
}
−→
t→∞
0.
It turns out that the onvergene may fail to be uniform if the semigroup is unbounded. In
our example this is the ase. Indeed, suppose that v(t) = ϕt(0,−t, 1). Inserting the vetor v(t)
in (12), we see that
v(t) =
 −
t∫
0
sin(x+s)
x+s
s ds
0
1
 , R(v(t)) = v(t)− v(t+ 1) =

t+1∫
t
sin(x+s)
x+s
s ds
0
0
 .
The value
b∫
a
sin(x+ s)
x+ s
s ds = cos |a+xb+x − x Si |
a+x
b+x
is bounded for all x, a, b ≥ 0, sine Si(p) ∼ pi
2
− cos p
p
as p → ∞. Therefore, |R(v(t))|
|v(t)|
6→ 0 as
t→∞, sine
|R(v(t))| =
∥∥∥∥∥∥
t+1∫
t
sin(x+ s)
x+ s
s ds
∥∥∥∥∥∥
X
= max
x≥0
∣∣∣∣∣∣
t+1∫
t
sin(x+ s)
x+ s
s ds
∣∣∣∣∣∣ x:=0→ ≥| cos |tt+1| 6→ 0.
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Thus, the distane from the vetor v(t) = ϕt(0,−t, 1) to its projetion v(t+1) to the spae
Yt+1 is suffiiently large.
It follows from (12) that all elements of the spae Yt have the form
 hta,b(x)a
b
 =

t∫
0
sin(x+s)
x+s
· (a− sb) ds
a
b
 . (13)
We have shown that there is a positive onstant K suh that there exists an arbitrarily
large number t < ∞ suh that the distane from the vetor v(t) =
(
ht0,1, 0, 1
)
∈ Yt to its
projetion
(
ht+10,1 , 0, 1
)
to Yt+1 is greater than K. It remains to observe that for suh t the
distane from v(t) to all other vetors
(
ht+1y,z , y, z
)
∈ Yt+1:
ρX
{
v(t)−
(
ht+1y,z , y, z
)}
= max
0<x<∞
{∣∣ht0,1 − ht+1y,z ∣∣} +√y2 + (z − 1)2, (14)
is also bounded from below for all (y, z) ∈ R2. This follows from the fat that, for (y, z) lose
to (0, 1), the first summand in (14) annot beome small immediately (the neessary estimate
is simple and left to the reader), while the seond summand beomes more essential as (y, z)
reedes further from (0, 1).
Symmetri arguments show that the distane from the vetor
(
ht+10,1 , 0, 1
)
to the spae Yt is
bounded from below as well. Thus, ∠(Yt, Yt+1) 6→ 0 as t→∞.
4. Stabilizability in Slowly Inreasing Semigroups
In this setion all semigroup are supposed to be asymptotially finite-dimensional.
The boundedness ondition for the semigroup Qt : Y → Y in representation (1) is indepen-
dent of the hoie of the subspae Y whih omplements X0 in X . We all suh semigroups
slowly inreasing. Analysing the upper right entry of the matrix in representation (8), we an
easily derive estimates whih show that the slow growth ondition for the semigroup ϕt is
equivalent to the ondition ‖ϕt‖ = o(t)|t→∞.
Example 5. Consider the semigroup defined by formula (8), where X0 = C0(R+) is the
same as in Example 4, Y = R, and P (y) = g · y, where g ∈ X0:
ϕt
(
f(x)
y
)
=
 f(x+ t) + y · t∫
0
g(x+ s) ds
y
 . (15)
The funtion g(x) an be suh that its integral may attain arbitrarily large values. At the
same time, the growth rate of ‖ϕt‖ is determined by the growth rate of the funtion
t∫
0
g(t) dt.
Therefore, semigroup (15) may fail to be bounded. At the same time, ‖ϕt‖ = o(t) as t → ∞,
sine g(x)→ 0. For example, if g(x) = 1
x+1
then, putting f ≡ 0 and y = 1 in (15), we obtain
ϕt(0, 1) =
(
ln
x+ 1 + t
x+ 1
, 1
)
, ‖ϕt‖ ≥∼ sup
{
ln
x+ 1 + t
x+ 1
| x ≥ 0
}
∼ ln t.
Thus, the lass of slowly inreasing semigroups is broader than the lass of bounded
semigroups. Show that the onlusion of Theorem 2 holds in this lass as well.
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Theorem 2
′
. The onlusion of Theorem 2 is valid for all slowly inreasing semigroups.
Proof. Suppose that X = X0 ⊕ Y , dimY <∞, and ϕt =
(
αt bt
0 Qt
)
.
First onsider the ase dimY = 1. On the one hand, this ase presents the main idea of the
proof in the general ase and, one the other hand, is rather simple; in this ase the semigroup
Qt : Y → Y is exp(ct) for some c ∈ R. By the onditions of the theorem, c ≤ 0. Aording to
the orollary to Theorem 1, c = 0. Assume that y ∈ Y and t > 0. Then yt = x(t) + y, where
x(t) ∈ X0. Thus, |yt| ≥ |y|. At the same time,
|ϕT (yt)− ϕT (y)| = |ϕT (yt − y)| = |ϕT (x(t))| −→
T→∞
0.
This shows that the angle between the straight line Yt and YT+t vanishes at large T .
Turning to the general ase, observe that if the semigroup Qt : Y → Y is bounded then
it is also bounded from below, moreover, uniformly. We an derive this from the orollary to
Theorem 1 and Lemma 2 applied to the finite-dimensional semigroup Qt : Y → Y itself. Thus,
there is k <∞ suh that |y| ≤ k|Qt(y)| for all y ∈ Y and t > 0. Hene, |y| ≤ k|ϕt(y)|.
Assume that t > 0. The ball B ⊂ Y of radius k is ompat, while its image Bt is also
ompat. Then the set A := X0 ∩ (Bt − B) = {u − v ∈ X0 | u ∈ Bt, v ∈ B} is ompat as
well. In the rest of the proof, the set A plays the same role as the point x(t) in the proof of the
one-dimensional ase.
Suppose that z∈YT and |z|=1. Consider a vetor y ∈ Y suh that z = yT . Then |y| ≤ k; i.e.,
y∈B. There is x∈X0 suh that y+x∈Yt. Then x∈A. At the same time, z+xT =(y+x)T ∈ YT+t.
Therefore,
ρ(z, YT+t) ≤ xT ≤ |AT | := sup{|x| | x ∈ AT}.
The number |AT | is independent of the hoie of yT ; therefore, ∠(YT , YT+t) ≤ |AT | by the
definition of the angle. But the set A is ompat and lies in X0; therefore, |AT | −→
T→∞
0. Con-
sequently, ∠(YT , YT+t) −→
T→∞
0. We are left with applying one again the uniform boundedness
priniple, arguing as at the end of the proof of Theorem 2. 
Example 4 shows that the slow growth ondition for the semigroup Qt in Theorem 2
′
is
essential even in the ase codimX0 = 2. However, we an require nothing for asymptotially
one-dimensional semigroups ϕt. Indeed, as was observed, the mapping Qt : Y → Y in represen-
tations (1) of suh semigroup is the multipliation by the number ect. The operators ψt := e
−ctϕt
as well onstitute a semigroup whih is homotheti to the original one and is slowly inreasing.
It follows from Theorem 2
′
that the subspae Y is almost stabilizable in the semigroup ψt and
hene in the semigroup ϕt. Moreover, if the semigroup ψt is unbounded (for example, as in
Example 5) then the angle between the straight line Yt and the spae X0 vanishes.
In onlusion, note that if an asymptotially finite-dimensional semigroup is slowly inreas-
ing but unbounded then there are no stable subspaes whih omplements X0. Indeed, the
diret produt of bounded semigroups is bounded. Therefore the representation (1) for suh
semigroup annot be diagonal.
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